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The natural transformations between r-th order
prolongation of tangent and cotangent bundles
over Riemannian manifolds

ABSTRACT. If (M, g) is a Riemannian manifold then there is the well-known
base preserving vector bundle isomorphism T'M — T* M given by v — g(v, —)
between the tangent T'M and the cotangent T*M bundles of M. In the
present note first we generalize this isomorphism to the one J"T'M — J"T*M
between the r-th order prolongation J"T'M of tangent T'M and the r-th order
prolongation J"T™M of cotangent T M bundles of M. Further we describe
all base preserving vector bundle maps D (g): J"TM — J T*M depending
on a Riemannian metric g in terms of natural (in g) tensor fields on M.

1. Introduction. All manifolds are smooth, Hausdorff, finite dimensional
and without boundaries. Maps are assumed to be smooth, i.e. of class C*°.
Let M f,, denote category of m-dimensional manifolds and their embed-
dings.

From the general theory it is well known that the tangent T'M and the
cotangent T*M bundles of M are not canonically isomorphic. However, if
g is a Riemannian metric on a manifold M, there is the base preserving
vector bundle isomorphism iy: TM — T*M given by i4(v) = g(v,—),v €
T,M,x € M.

In the second section of the present note we give necessary definitions.
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In the third section first we generalize the isomorphism i,: TM — T*M
depending on g to a base preserving vector bundle isomorphism J"i,: J"T'M
— J"T*M canonically depending on g between the r-th order prolongation
J"TM of tangent T'M and the r-th order prolongation J"T*M of cotan-
gent T*M bundles of M. Next we construct another more advanced base
preserving vector bundle isomorphism i5">: J"T'M — J"T*M canonically
depending on g.

In the fourth section we consider the problem of describing all M f,,-
natural operators D: Riem ~» Hom(J"T, J"T*) transforming Riemannian
metrics g on m-dimensional manifolds M into base preserving vector bundle
maps Dys(g): J'TM — J"T*M. Our studies lead to the reduction of this
problem to the one of describing all M f,,-natural operators ¢: Riem ~-
T*®S'TeT*®SkT* (for I,k = 1,...,r) sending Riemannian metrics g on
M into tensor fields t3/(g) of types T* ® S'T ® T* @ SFT*.

2. Definitions. Now we give some necessary definitions.

Definition 1. The r-th order prolongation of tangent bundle is a functor
J'T: Mf,, — VB sending any m-manifold M into J"T'M and any embed-
ding ¢: M1 — My of two manifolds into J"T'w: J"T'M; — J"T M5 given by
J To(nX) = Jip(y X, Where X € X (M) and ., X = Tpo X op!isthe
image of a vector field X by .

Definition 2. The r-th order prolongation of cotangent bundle is a func-
tor J"T*: Mf,, — VB sending any m-manifold M into J"T*M and any
embedding ¢: M; — Ms of two manifolds into

JT p: JJT*My — J'T* M,
given by J'T*p = J" (T~ 1)*.
Definition 3. The dual bundle of the r-th order prolongation of tangent
bundle is a functor (J"T)*: M f,, — VB sending any m-manifold M into
(J'T)*M = (J'TM)* and any embedding ¢: M; — My of two manifolds
into
(J"T)Yp: (J'T)" My — (J'T)" Mo
given by (J'T)*p == (J T 1)*.
Definition 4. The dual bundle of the r-th order prolongation of cotangent
bundle is a functor (J"T*)*: M f,, — VB sending any m-manifold M into
(J'T*)*M = (J"T*M)* and any embedding ¢: M; — M of two manifolds
into
(J'T*) p: (J'T*)* My — (J'T*)* M,

given by (J'T*)*@ = (J'T*p~1)*.

The general concept of natural operators can be found in [4]. In partic-
ular, we have the following definitions.
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Definition 5. An M f,,-natural operator D: Riem ~~ Hom(J"T,J" T*)
transforming Riemannian metrics g on m-dimensional manifolds M into
base preserving vector bundle maps Dys(g): J'TM — J"T*M is a system
D = {Dw}peobjmy,) of regular operators

Dyr: Riem(M) — Homp (J"'TM,J"T*M)

satisfying the M f,,-invariance condition, where Homy;(J"T M, J"T*M) is
the set of all vector bundle maps J"T'M — J"T*M covering the identity
map idy; of M.

The M fp,-invariance condition of D is following: for any g; € Riem(M;)
and go € Riem(Ms) if g1 and go are p-related by an embedding ¢: M; —
My of m-manifolds (i.e. ¢ is (g1, g2)-isomorphism) then Dys,(g1) and Dyy,(g2
are also p-related (i.e. Dy, (g2) o J"To = J"T*p o Dy, (g1))-

Equivalently, the above M f,,-invariance means that for any ¢g; €
Riem (M) and g2 € Riem(My) if the diagram

T @T*p

T M, Q@ T* M, T* My @ T* M,

(1) g1 g2

M M.
1 o 2

commutes for an embedding ¢: My — My (i.e. (T*o @ T*¢) 0 g1 = g2 0 ¥)
then the diagram

T
JTT* My 4 JTT* Mo
D, (91) D, (g2)
J"T M, T J"T Mo
2

commutes also.

We say that operator D, is regular if it transforms smoothly parame-
terized families of Riemannian metrics into smoothly parameterized ones of
vector bundle maps.

Similarly, we can define the following concepts:
- an M fp,-natural operator D: Riem ~» Hom(J"T,J"T),
- an M fy,-natural operator D: Riem ~ Hom(J"T, (J"T)*),
- an M fy,-natural operator D: Riem ~» Hom/(J"T, (J"T*)*),
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- an M fp,-natural operator D: Riem ~ Hom(J"T*, J'T
- an M fp,-natural operator D: Riem ~» Hom/(J"T*, JTT*)
- an M fp,-natural operator D: Riem ~» Hom/(J"T*, (J'T)*),
- an M fp,-natural operator D: Riem ~ Hom/(J"T*, (J"T*)*),
- an M fp,-natural operator D: Riem ~ Hom((J"T)*,J"'T),
- an M fp,-natural operator D: Riem ~» Hom((J"T)*, J'T*),

(

(

(

(

(

(

(

(
- an M fy,-natural operator D: Riem ~» Hom((J"T)*, (J"T*)*),
(JT
(
(
(

)"

)"
- an M f,,-natural operator D: Riem ~ Hom JTT)*, (J'T)*),
m )"
- an M f,,-natural operator D: Riem ~~ Hom *
m
m

)", J"T),
- an M f,-natural operator D: Riem ~~ Hom((J"T*)*, J"T"),
- an M fp,-natural operator D: Riem ~» Hom((J"T%)*, (J"T)*),
- an M fy,-natural operator D: Riem ~» Hom((J"T*)*, (J"T*)*).

Now we have the following definition.

Definition 6. An M f,,-natural operator A: Riem ~ (T®S'T*, T*®S*T*)
transforming Riemannian metrics g on m-dimensional manifolds M into
base preserving vector bundle maps Ays(g): TMS'T*M — T*MS*T* M
is a system A = {An}areonjmy,) Of regular operators Ay : Riem(M) —
C®(TM @ S'T*M, T*M ® S*¥T*M) satisfying the M f,,-invariance condi-
tion, where C®(TM @ S'T* M, T* M @ S*T* M) is the set of all vector bundle
maps TM @ S'T*M — T*M @ S*T* M covering the identity map idys of M.

The M f,-invariance condition of A is following : for any g1 € Riem(M)
and go € Riem(My) if g1 and gy are p-related by an embedding ¢: M; —
My of m-manifolds (i.e. (T*p@T*p)ogy = gaop) then Ay, (g91) and Apg, (g2)
are also p-related (i.e. Ay, (g2)0(Te®RS'T*p) = (T*p®S*T*p)o Ay, (g91))-

Equivalently, the above M f,,-invariance means that for any ¢g; €
Riem(M,) and g € Riem(Ms) if the diagram (1) commutes for an em-
bedding ¢: My — M> then the diagram

T*o ® SkT*p
T*M; @ SET* M, T* My @ SET* M,y
AMl (91) AM2 (92)
TM,; @ S'T* M, T My @ S'T* M,
Ty ® S'T*p

commutes also.
The regularity means almost the same as in Definition 5.

Similarly, we can define the following concepts:

- an M f,,-natural operator A: Riem ~ (T ® S!T, T @ S¥T),
- an M f,,-natural operator A: Riem ~ (T* ® S!T, T ® S*T),
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- an M f,,-natural operator A: Riem ~ (T @ S'T*,T ® S*T),
- an M f,,-natural operator A: Riem ~ (T @ S'T, T* ® SkT),
- an M fp,-natural operator A: Riem ~~ (T ® SlT T @ SkT),
- an M f,-natural operator A: Riem ~ (T* ® SlT* T ® SkT),
- an M f,,-natural operator A: Riem ~ (T* @ S'T, T* ® S*T),
- an M f,,-natural operator A: Riem ~ (T* @ S'T, T ® SFT*),

(

(

(

(

(

(T~

- an M f,,-natural operator A: Riem ~ (T @ S'T*, T ® S*T*),
- an M f,,-natural operator A: Riem ~ (T @ S'T, T* ® SFT),
- an M f,,-natural operator A: Riem ~~ (T* SZT* T* @ S*T),
- an M f,,-natural operator A: Riem ~~ (T* ® SlT* T ® ST,
)

)
)
)
- an M f,,-natural operator A: Riem ~ (T @ S'T*, T* ® S*T),
)
)

- an M f,,-natural operator A: Riem ~- ® ST, T* SkT*),
- an M fp,-natural operator A: Riem ~ (T* ® SlT* T* @ SkT™).

Next we have an important general definition of natural tensor.

Definition 7. An M f,,-natural operator (natural tensor) t: Riem ~~ QT
® Q®?T* transforming Riemannian metrics g on m-dimensional manifolds
M into tensor fields of type (p,q) on M is a system ¢ = {tM}M@bj(Mfm)
of regular operators t;: Riem(M) — T®9 (M) satisfying the M f,,-invar-
iance condition, where 79 (M) is the set of tensor fields of type (p,q)
on M.

The M fp,-invariance condition of ¢ is following : for any g; € Riem(Mj)
and gy € Riem(Ms) if g1 and g9 are p-related by an embedding ¢: M; —
My of m-manifolds (i.e. (T*e®T*p)og; = gao¢) then ty, (g1) and tar, (g92)
are also p-related (i.e. tar,(g2) o v = (RF T @ QI T*p) ot (91))-

Equivalently, the above M f,,-invariance means that for any ¢g; €
Riem(M,) and g € Riem(Ms) if the diagram (1) commutes for an em-
bedding ¢: My — Ms, then the diagram

PTo o Q1T
®p TM; ® ®q T* M, ® 4 ® 4 ®p TMy ® ®q T* Mo
tan (91) tar, (92)
Ml 0 M2

commutes also.
We say that operator ¢, is regular if it transforms smoothly parametrized
families of Riemannian metrics into smoothly parametrized ones of tensor

fields.

Now we have a definition of a special kind of natural tensor.
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Definition 8. An M f,,-natural operator (natural tensor) ¢: Riem ~» T ®
ST ® T* @ SFT* transforming Riemannian metrics g on m-dimensional
manifolds M into tensor fields of type T*@S!T@T*®S*T* on M is a system
t = {tm}meobjMmyf,) of regular operators tyr: Riem(M) — C*(T*M ®
SITM @ T*M ® S*T*M) satisfying the M f,,-invariance condition, where
C®(T*M ® S'TM @ T*M © S*T*M) is the set of all tensor fields of type
T*® S'T®T*® S*T* on M.

The M fy,-invariance condition of ¢ is following: for any g; € Riem(M)
and gy € Riem(Ms) if g1 and g9 are p-related by an embedding ¢: M; —
My of m-manifolds (i.e. (T*o®T*p)og1 = gao¢), then tyy (g1) and tar, (go)
are also p-related (i.e. taz,(g2)op = (T* @S TR T* R S*T*p) ot (g1)).

Equivalently, the above M f,,-invariance means that for any ¢ €
Riem(M,) and g2 € Riem(Ms) if the diagram (1) commutes for an em-
bedding ¢: My — Ms, then the diagram

o
T*Mi QS T My QT* My @S T* M, —— T*My®@S'T My@T* My S*T* M,

tar (91) tar, (g2)

M M-
1 o 2

commutes also, where ® = T*p ® ST @ T*p @ SFT* .
The regularity means almost the same as in Definition 7.

Similarly, we can define the following concepts:

- an M f,,-natural operator (natural tensor) t: Riem ~» T ® S'T ®

T® SkT,

- an M f,,-natural operator (natural tensor) ¢: Riem ~» T* ® S!'T ®
T® SkT,

- an M f,,-natural operator (natural tensor) ¢: Riem ~ T @ S'T* ®
T® SkT,

- an M f,,-natural operator (natural tensor) ¢: Riem ~ T ® S'T ®
T* ® ST,

- an M f,,-natural operator (natural tensor) ¢: Riem ~ T ® S'T ®
T ® SFT*,

- an M f,,-natural operator (natural tensor) ¢: Riem ~ T* @ S'T* ®
T ® SkT,

- an M f,,-natural operator (natural tensor) ¢: Riem ~ T* ®@ S'T ®
T* ® ST,
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- an M f,,-natural operator (natural tensor) ¢: Riem ~ T* ® S'T' ®

T ® SkT*,

- an M f,,-natural operator (natural tensor) ¢: Riem ~ T ® S'T* ®
T* @ ST,

- an M f,,-natural operator (natural tensor) ¢: Riem ~ T ® S'T* ®
T ® SkT*,

- an M f,,-natural operator (natural tensor) ¢: Riem ~ T ® S'T ®
T* @ SkT*,

- an M f,,-natural operator (natural tensor) ¢: Riem ~ T* ® S'T* ®
T* @ S*T,

- an M f,,-natural operator (natural tensor) ¢: Riem ~ T* ® S'T* ®
T ® SkT*,

- an M f,-natural operator (natural tensor) ¢: Riem ~ T ® S'T* ®
T* @ SkT*,

- an M f,,-natural operator (natural tensor) ¢: Riem ~ T* ®@ S'T* ®
T* @ SKT*.

In the third section we present also explicit examples of M f,,-natural
operators D: Riem ~» Hom(J"T, J'T*).

A full description of all polynomial natural tensors t: Riem ~» Q" T ®
@7 T* transforming Riemannian metrics on m-manifolds into tensor fields of
types (p, q¢) can be found in [1]. This description is following. Each covariant
derivative of the curvature R(g) € T(®% (M) of a Riemannian metric g is
a natural tensor and the metric g is also a natural tensor. Further all the
natural tensors ¢: Riem ~» @ T ® @?T™* can be obtained by a procedure:

(a) every tensor multiplication of two natural tensors give a new natural
tensor,

(b) every contraction on one covariant and one contravariant entry of a
natural tensor give a new natural tensor,

(c) we can tensorize any natural tensor with a metric independent nat-
ural tensor,

(d) we can permute any number of entries in the tensor product,

(e) we can repeat these steps,

(f) we can take linear combinations.

Furthermore, if we take respective type natural tensors and apply respec-
tive symmetrization, then we can produce many natural tensors t: Riem ~~

T*® S'T @ T* @ SFT*.
3. Constructions.

Example 1. Let (M, g) be a Riemannian manifold. Then we have a base
preserving vector bundle isomorphism ¢,: TM — T*M given by

ig(v) =g(v,—), veT;M, x € M.



98 M. Plaszczyk

Next we can obtain a base preserving vector bundle isomorphism J"i,:
J"TM — J'T*M defined by a formula

J"ig(JzX) = Jz(ig 0 X),
where X € X(M). Similarly we receive also a base preserving vector bundle

isomorphism
(JTig ") : (JITM)* — (J'T*M)*.

Because of the canonical character of the above constructions we get the
following propositions.

Proposition 1. The family A"): Riem ~» Hom(J'T, J"T*) of operators
A" Riem(M) — Homy (J'TM, ' T*M),  A()(g) = J"i,

for all M € obj(Mfy,) is an M fp,-natural operator.

Proposition 2. The family A'l: Riem ~» Hom((J"T)*, (J"T*)*) of oper-

ators

Al Riem(M) — Homa(J'TM)*, (S T*M)),  AYl(g) = (J7i,)*
for all M € obj(Mfp,) is an M f,,-natural operator.

Now we are going to present another more advanced example of an M f,,,-
natural operator D: Riem ~» Hom(J"T, J"T*).

Recall that if g is a Riemannian tensor field on a manifold M and x €
M, then there is g-normal coordinate system ¢: (M,z) — (R™,0) with
centre x. If ¢: (M,z) — (R™,0) is another g-normal coordinate system
with centre z, then there is A € O(m) such that ¢y = A o ¢ near z. Let
I: JJTR™ — @ ToR™ @ SFTyR™ = @ _oR™ @ SFR™ (see [3]) and
Ii: JT*R™ — @ T¢R™ @ SFTER™ = @) _o R™ @ SFR™ (see [7]) be
the standard O(m)-invariant vector space isomorphisms.

We have the following important proposition.

Proposition 3. Let g be a Riemannian tensor field on a manifold M. Then
there are (canonical in g) vector bundle isomorphisms

T
Iy: J'TM — EHTM @ S*T* M,
k=0
'
Jg: JT*M — P T*M @ S*T*M,
k=0
T * T
(I (J'TM)* — <@ TM & SkT*M> ~ P TM @ S"TM,
k=0 k=0
T * r
(J, ) (JTT*M)* — (@ T*M & skT*M> o~ @TM ® SFT M.
k=0 k=0
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Proof. Let v =jIX € J.TM, where X € X(M), z € M. Let ¢: (M,z) —
(R™,0) be a g-normal coordinate system with centre x. We define

Iy(v) = I7(v) = <@ T '® SkT*go_1> oloJ Ty(v).
k=0

If ¢: (M,z) — (R™,0) is another g-normal coordinate system with centre
x, then ©p = Ao ¢ (near x) for some A € O(m). The O(m)-invariance of I
means that

(2) ToJ'TA= <€B ThA ® SkT(;‘A> ol
k=0

Hence we deduce that

IY(v) = (@ Ty '@ SkT*zpl) oloJ Ti(v)
k=0

(T'(Ao 90)_1 ® SkT*(A o (p)_l) oloJ T(Aop)(v)

=
Il
o

P -

(T toTA Y@ S T*(p L oA™Y oI o (J'TAo J Ty)(v)

=

s

[en]

(T toTA ™ H @ ST (p Lo A ™)) o (IoJ'TA) o J'Tp(v) = L.

=
Il
o

Now using (2), we receive

L=((Te o TA )RS T*(p oA 1))o (@ TA®S’“T*A> oIoJ"Tip(v)
k=0 k=0

— @ [((Tcp_loTA_l)oTA) ® (SkT*(go_loA_l)oSkT*A)] oloJ " Te(v)
k=0

@((T@fl oTA 1 oTA) @ S*T* (g Lo A7 0 A)) o T o J Te(v)
k=0

=P T @ ST oY) o To I Tip(v) = If (v).
k=0

Therefore, the definition of I,(v) is independent of the choice of ¢. So,
isomorphism Iy: J'TM — @j,_oTM @ S*T*M is well defined.
Similarly, we put

Jg(v) = J#(v) = (@ T*o 1 ® SkT*g0_1> oIy o J T*p(v).
k=0
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Using O(m)-invariance of Iy (i.e. I o J'T*A = (Pj_oTjA ® SFT;A) o
I) analogously as before, we show that Ig) (v) = I (v). This proves that
the definition of Jy(v) is independent of the choice of g-normal coordinate
system ¢ with centre z and the isomorphism Jg: J'T*M — @) _,T*M ®
SET* M is well defined.

Finally we obtain (canonical in g) vector bundle isomorphisms

(I, (J'TM)* — (@ T™M ® SkT*M) ~PTM @ S*TM
k=0 k=0
(Jg )7 (ST M) — (EBT*M® S’“T*M) ~(DTM @ S*TM. O
k=0 k=0

Remark 1. W. Mikulski (in [7]) has recently constructed a (canonical in
V) vector bundle isomorphism Iv: J'TM — @j_oT*M @ S*¥T*M for a
classical linear connection V on a manifold M.

Now we have further important identifications.

Example 2. Let (M, g) be a Riemannian manifold and iy: TM — T*M be
a base preserving vector bundle isomorphism recalled in Example 1. Using
the base preserving vector bundle isomorphisms I, and J, from Proposi-
tion 3, we receive the following vector bundle isomorphisms

is"> = Jy o <€B iy ® SkT*idM> ol,: JJTM — J'T*M,
k=0

il =t o < iyt ® SkTidM> o (I; ) : (JITM)* — (J'T*M)*.
k=0
Because of canonical character of above constructions we obtain the fol-
lowing propositions.

Proposition 4. The family B<">: Riem ~ Hom(J"T, J"T*) of operators
By~ Riem(M) — Homp (J'TM,J"T*M), By~ (g9) =i;""
for all M € obj(M fp,) is an M fy,-natural operator.

Proposition 5. The family BU"': Riem ~» Hom((J"T)*, (J"T*)*) of oper-
ators

BY): Riem(M) — Homar(J'TM)*,(J'T*M)*), Blil(g) =i/
for all M € obj(M fp,) is an M fy,-natural operator.

Example 3. Let (M, ¢g) be a Riemannian manifold. In an article [5] J. Kurek
and W. Mikulski constructed a base preserving vector bundle isomorphism

il @ SMTM — @ SFT*M
k=1 k=1
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given by
i @ @ug) = idg(v1) @+ Dig(vg).

Now using this isomorphism, we get a base preserving vector bundle iso-
morphism

I TM @ P ST M = P TM @ SFT M
k=0 k=0
—T"M e @ s'TM =P 1M @ SFTM
k=0 k=0
defined by a formula
I =iy @ (i)

Similarly, we construct another base preserving vector bundle isomorphisms

T T
I PTM @S T M- PTM S TM, I =idry ® (i),
k=0 k=0
= r r =
I PrMe s ™M @PTMe s T™, IF) =ite (i)™
k=0 k=0
T T
IO PrMeSTM - @PTMe S TM, I =idrog @ (i)
k=0 k=0
Thus we receive a base preserving vector bundle isomorphism
Ig<’">: JTM — (J'TM)*
given by
Ig<r> = I; o Ifgr) oly.
Similarly, we construct another base preserving vector bundle isomorphisms
I572 0 J'TM — (J'T*M)*, 157> = Jr o I o I,
I grreM — (J)TM)*, T =170 1) o J,
M J T M — (T M), 1 =T o I o .

Using the base preserving vector bundle isomorphism J"i,: J"T'M —
J"T*M constructed in Example 1, we obtain also the following vector bun-
dle isomorphisms

J<r> (Jrz_l) Ig<r>: JTM — (J'T*M)*,

T = (JTig) o IS J'TM — (J'TM)*,
Tl = (Jrigty o I JTTHM — (JTTF M),
T = (Jig) o I T M — (JTTM)*.
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Because of canonical character of the above constructions we get the
following propositions.

Proposition 6. The family C<">: Riem ~ Hom(J"T,(J"T)*) of opera-
tors

Cyi”: Riem(M) — Homy (J'TM, (J'TM)*), Cy/~(g9) =1,
for all M € obj(Mfy,) is an M fp,-natural operator.

Proposition 7. The family C<">: Riem ~ Hom(J"T,(J"T*)*) of opera-
tors

O Riem(M) — Homay (J'TM, (J'T*M)*),  Cy/”(g) =17
for all M € obj(Mfp,) is an M f,-natural operator.
Proposition 8. The family C"): Riem ~» Hom(J"T*, (J'T)*) of operators
Cll: Riem(M) — Homa (J'T*M, (J'TM)*),  CYl(g) = 11/
for all M € obj(Mfp,) is an M f,-natural operator.

Proposition 9. The family CU": Riem ~» Hom(J"T*,(J'T*)*) of opera-
tors

Cll: Riem(M) — Homp (J'T*M, (J'T*M)*),  Chl(g) = I
for all M € obj(M fp,) is an M fy,-natural operator.

Proposition 10. The family D<">: Riem ~ Hom/(J"T, (J"T*)*) of oper-
ators

D37 Riem(M) — Homp (J"TM, (J'T*M)*), D3/~ (g9) = J;D
for all M € obj(M fp,) is an M fy,-natural operator.

Proposition 11. The family D<">: Riem ~» Hom(J'T, (J"T)*) of opera-
tors

D37 Riem(M) — Homp (J'TM, (J'TM)*), D3/”(g) = J3"~
for all M € obj(M fp,) is an M f,,-natural operator.

Proposition 12. The family D) Riem ~» Hom(J"T*, (J"T*)*) of oper-
ators

DY): Riem(M) — Homp (J'T*M, (J'T*M)*), DYl(g) = Jl/
for all M € obj(M fp,) is an M f,,-natural operator.

Proposition 13. The family DI"): Riem ~ Hom(J'T*,(J"T)*) of opera-
tors

DY Riem(M) — Homa (J'T*M, (' TM)*), DYl(g) = JI/
for all M € obj(Mfp,) is an M f,-natural operator.
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4. The main results. Let g € Riem(M) be a Riemannian metric on an m-
manifold M. By Proposition 3 and Examples 1,2, 3 we have identifications

J'TM = J'T*M = (J'TM)* = (J'T*M)* = P TM @ S*T*M
k=0

T T T
=@PrvMesTM=FTMFTM=TM 2 S*TM
k=0 k=0 k=0
modulo the base preserving vector bundle isomorphisms canonically depend-
ing on g.

Consequently, the problem of finding all M f,,-natural operators D: Riem
~ Hom(J'T, J'T*) is reduced to the one of finding all systems (A"*) of
M fr-natural operators AF: Riem ~ (T @ S'T*, T* @ S*T*) transforming
Riemannian metrics g on m-manifolds M into base preserving vector bun-
dle maps Aé\’f(g): TM®S'T*M — T*M @ S*T*M, where [,k =1,...,r or
(equivalently) our problem is reduced to the one of finding all natural ten-
sors t%: Riem ~» T* @ S'T @ T* @ S*T* transforming Riemannian metrics
g on m-manifolds M into tensor fields of types T* ® S'T ® T* @ S¥T* on
M forl,k=1,...,r.

Thus we have proved the following theorem.

Theorem 1. The M f,-natural operators D: Riem ~ Hom(J"T,J"T*)
transforming Riemannian metrics g on m-manifolds M into base preserv-
ing vector bundle maps Dy(g): JT'TM — J"T*M are in the bijection with
systems (t'*) of M fn,-natural operators (natural tensors) t'F: Riem ~
T*® S'T@T* ® S¥T* transforming Riemannian metrics g on m-manifolds
M into tensor fields of types T* @ S'T @ T* @ SKT* on M forl,k=1,...,r.

Because of the isomorphism J"T'M = J"T*M depending on g, we have
the following theorem.

Theorem 2. The M f,,-natural operators D: Riem ~» Hom(J'T,J"T)
transforming Riemannian metrics g on m-manifolds M into base preserving
vector bundle maps Dar(g): J'TM — J"TM are in the bijection with sys-
tems (AY*) of M fy,-natural operators AY*: Riem ~ (T @ S!'T*, T @ S*T*)
transforming Riemannian metrics g on m-manifolds M into base preserv-
ing vector bundle maps Ai\’j(g): TM ® S'T*M — TM @ S*T*M for 1,k =
1,...,r or (equivalently) in the bijection with systems (t“*) of M fm-natural
operators (natural tensors) t"*: Riem ~» T* @ S'T @ T @ S*T* transform-
ing Riemannian metrics g on m-manifolds M into tensor fields of types
T*@ S'T®T ® S*T* on M forl,k=1,...,r.

By the same reason, we have also the following corollary.

Corollary 1. The M f,,-natural operators D: Riem ~» Hom/(J"T*,J"T)
transforming Riemannian metrics g on m-manifolds M into base preserving
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vector bundle maps Dp(g): J'T*M — J"TM are in the bijection with
systems (AYF) of M f-natural operators AYF: Riem ~~ (T* @ S'T*, T ®
SET*) transforming Riemannian metrics g on m-manifolds M into base
preserving vector bundle maps Al](/];(g): T*M ® S'T*M — TM @ ST*M
for I,k = 1,...,7 or (equivalently) in the bijection with systems (t*) of
M frn-natural operators (natural tensors) tV: Riem ~ T ® S'T @ T @ S*T*
transforming Riemannian metrics g on m-manifolds M into tensor fields of
types T @ S'T @ T @ S*T* on M forl,k=1,...,r.

By the same reason, we have another corollary.

Corollary 2. The M f,-natural operators D: Riem ~~ Hom(J"T*, J"T*)
transforming Riemannian metrics g on m-manifolds M into base preserving
vector bundle maps Dps(g): J'T*M — J"T*M are in the bijection with
systems (AY*) of M f,,-natural operators AY*: Riem ~ (T* @ S'T*,T* ®
SET*) transforming Riemannian metrics g on m-manifolds M into base
preserving vector bundle maps Aé{f(g): T*M @ S'T*M — T*M @ SFT*M
for I,k = 1,...,r or (equivalently) in the bijection with systems (t*F) of
M frn-natural operators (natural tensors) tV*: Riem ~» T®@S'T@T* @ SFT*
transforming Riemannian metrics g on m-manifolds M into tensor fields of
types T @ S'T @ T* @ SFT* on M for l,k=1,...,r.

Because of the isomorphisms J"TM = J'T*M = (J"TM)* depending
on g, we have the following theorem.

Theorem 3. The M f,,-natural operators D: Riem ~» Hom(J"T, (J"T)*)
transforming Riemannian metrics g on m-manifolds M into base preserving
vector bundle maps Dy(g): J*TM — (J'TM)* are in the bijection with
systems (AYF) of M fn-natural operators AYF: Riem ~ (T ® S'T*, T* ®
SET) transforming Riemannian metrics g on m-manifolds M into base pre-
serving vector bundle maps Aé\’;(g): TM ® S'T*M — T*M ® S*TM for
ILk=1,...,r or (equivalently) in the bijection with systems (t"*) of M fy,-
natural operators (natural tensors) t“*: Riem ~ T* @ S'T ® T* @ SKT
transforming Riemannian metrics g on m-manifolds M into tensor fields of
types T* @ S'T @ T* @ SKT on M forl,k=1,...,r.

By the same reason, we have the following theorem.

Theorem 4. The M f,,-natural operators D: Riem ~» Hom(J"T*, (J"T)*)
transforming Riemannian metrics g on m-manifolds M into base preserving
vector bundle maps Dyr(g): J"T*M — (J'TM)* are in the bijection with
systems (A*) of M fm-natural operators AY*: Riem ~ (T* @ S'T*,T* ®
SkT) transforming Riemannian metrics g on m-manifolds M into base pre-
serving vector bundle maps Al](f(g): T*M @ S'T*M — T*M ® S¥TM for
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I,k=1,...,r or (equivalently) in the bijection with systems (t"*) of M fy,-
natural operators (natural tensors) t"*: Riem ~ T ® S'T @ T* @ S*T trans-
forming Riemannian metrics g on m-manifolds M into tensor fields of types
TSTQT @ S*T on M forl,k=1,...,r.

By the same reason, we have also the following corollary.

Corollary 3. The M fy,-natural operators D: Riem ~ Hom((J"T)*, J'T)
transforming Riemannian metrics g on m-manifolds M into base preserving
vector bundle maps Dy(g): (J'TM)* — J"TM are in the bijection with
systems (AYF) of M f-natural operators AF: Riem ~ (T* @ S'T\T ®
SET*) transforming Riemannian metrics g on m-manifolds M into base
preserving vector bundle maps Ai\’/];(g): T*M @ S'TM — TM @ SKT*M for
L,k=1,...,7 or (equivalently) in the bijection with systems (t'¥) of M fo-
natural operators (natural tensors) tV¥: Riem ~ T ® S'T* @ T @ SFT*
transforming Riemannian metrics g on m-manifolds M into tensor fields of
types T @ S'T* @ T @ SFT* on M forl,k=1,...,r.

We have also the next similar corollary.

Corollary 4. The M f,,-natural operators D: Riem~> Hom((J"T)*, J'T%)
transforming Riemannian metrics g on m-manifolds M into base preserving
vector bundle maps Dps(g): (J'TM)* — J"T*M are in the bijection with
systems (AY%) of M fp-natural operators AY*: Riem ~ (T* @ S'T,T* ®
SET*) transforming Riemannian metrics g on m-manifolds M into base
preserving vector bundle maps Al](f(g): T*M @ S'TM — T*M & S*T*M for
ILk=1,...,r or (equivalently) in the bijection with systems (t**) of M fp,-
natural operators (natural tensors) t"*: Riem ~» T @ S'T* @ T* @ SFT*
transforming Riemannian metrics g on m-manifolds M into tensor fields of
types T @ S'T* @ T* @ SFT* on M for l,k=1,...,r.

We have also another corollary.

Corollary 5. The M f,,-natural operators D: Riem~»Hom((J"T)* (J"T')%
transforming Riemannian metrics g on m-manifolds M into base preserving
vector bundle maps Dy(g): (J'TM)* — (J'TM)* are in the bijection with
systems (AYF) of M fr,-natural operators AYF: Riem ~ (T*®S'T, T*®S*T)
transforming Riemannian metrics g on m-manifolds M into base preserv-
ing vector bundle maps Al]\’f(g): T*M @ S'TM — T*M @ S*TM for 1,k =
1,...,7r or (equivalently) in the bijection with systems (t“*) of M fm-natural
operators (natural tensors) t"*: Riem ~» T ® S'T* @ T* @ S*T transform-
ing Riemannian metrics g on m-manifolds M into tensor fields of types
TR ST T ® ST on M forl,k=1,...,r.

Because of the isomorphisms J"TM = J"T*M = (J'TM)* = (J'T*M)*
depending on g, we have the following theorem.
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Theorem 5. The M f,,-natural operators D: Riem ~» Hom(J"T, (J"T*)*)
transforming Riemannian metrics g on m-manifolds M into base preserving
vector bundle maps Dyr(g): J'TM — (J'T*M)* are in the bijection with
systems (A"F) of M f,,-natural operators A% : Riem ~ (T@S'T*, T®S*T)
transforming Riemannian metrics g on m-manifolds M into base preserving
vector bundle maps Al](f(g): TM®S'T*M — TM®S*TM forl,k=1,...,r
or (equivalently) in the bijection with systems (t“*) of M f.,-natural op-
erators (natural tensors) t"*: Riem ~ T* @ S'T @ T ® S*T transform-
ing Riemannian metrics g on m-manifolds M into tensor fields of types
T*@S'TRT® ST on M forl,k=1,...,r.

By the same reason, we have the following theorem.

Theorem 6. The M f,-natural operators D: Riem~» Hom(J"T* (J"T*)*)
transforming Riemannian metrics g on m-manifolds M into base preserving
vector bundle maps Das(g): J'T*M — (J"T*M)* are in the bijection with
systems (AY%) of M fp,-natural operators AY*: Riem ~~ (T* @ S'T*, T ®
SKT) transforming Riemannian metrics g on m-manifolds M into base pre-
serving vector bundle maps Ai\’f(g): T*M @ S'T*M — TM ® S*TM for
LLk=1,...,r or (equivalently) in the bijection with systems (t“*) of M fp,-
natural operators (natural tensors) t"*: Riem ~ T ® S'T @ T @ S*T trans-

forming Riemannian metrics g on m-manifolds M into tensor fields of types
TRS'T®T® ST on M forl,k=1,...,r.

By the same reason, we have also the following theorem.

Theorem 7. The M f,,-natural operators D: Riem~+Hom((J"T)* (J"T*)")
transforming Riemannian metrics g on m-manifolds M into base preserving
vector bundle maps Dyr(g): (J"TM)* — (J'T*M)* are in the bijection with
systems (AY%) of M fm-natural operators AbF: Riem ~ (T*@S'T, T®S*T)
transforming Riemannian metrics g on m-manifolds M into base preserving
vector bundle maps Aé(/’;(g) : T*M®S'TM — TM®S*TM forl,k=1,...,r
or (equivalently) in the bijection with systems (t“*) of M fo-natural op-
erators (natural tensors) t"*: Riem ~ T ® S'T* @ T ® S*T transform-

ing Riemannian metrics g on m-manifolds M into tensor fields of types
TRST*QT Q@ S*T on M forl,k=1,...,r.

We have also the following corollary.

Corollary 6. The M f,-natural operators D: Riem ~~ Hom((J"T*)* J'T)
transforming Riemannian metrics g on m-manifolds M into base preserving
vector bundle maps Dyr(g): (J'T*M)* — J"TM are in the bijection with
systems (AYF) of M f,,-natural operators AY*: Riem ~ (T®S'T, T ®S*T*)
transforming Riemannian metrics g on m-manifolds M into base preserving
vector bundle maps Aé{f(g): TM®S'TM — TM®ST*M forl,k=1,...,r
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or (equivalently) in the bijection with systems (t"*) of M f,,-natural oper-
ators (natural tensors) tVF: Riem ~ T* @ S'T* @ T @ SFT* transform-
ing Riemannian metrics g on m-manifolds M into tensor fields of types
T* @ S'T*®T @ S*T* on M forl,k=1,...,7.

We have also the next corollary.

Corollary 7. The M f,-natural operators D: Riem~» Hom((J"T*)* J"T*)
transforming Riemannian metrics g on m-manifolds M into base preserving
vector bundle maps Das(g): (J'T*M)* — J"T*M are in the bijection with
systems (AYF) of M f,-natural operators AF: Riem ~~ (T ® S'T,T* ®
SET*) transforming Riemannian metrics g on m-manifolds M into base
preserving vector bundle maps Ai\’/l;(g): TM ® S'TM — T*M @ SFT*M for
LLk=1,...,r or (equivalently) in the bijection with systems (t**) of M fy,-
natural operators (natural tensors) t*F: Riem ~ T* @ S'T* @ T* ® SFT*
transforming Riemannian metrics g on m-manifolds M into tensor fields of
types T* @ S'T* @ T* @ SET* on M for l,k=1,...,r.

We have also the similar corollary.

Corollary 8. The M f,,-natural operators D : Riem~» Hom((J"T** (J"T)*)
transforming Riemannian metrics g on m-manifolds M into base preserving
vector bundle maps Dy (g): (J'T*M)* — (J'TM)* are in the bijection with
systems (AF) of M f,,-natural operators AY*: Riem ~ (T ®S'T, T*® S*T)
transforming Riemannian metrics g on m-manifolds M into base preserving
vector bundle maps Aé(/’;(g): TM®S'TM — T*M®SFTM forl,k=1,...,r
or (equivalently) in the bijection with systems (t"%) of M fp,-natural oper-
ators (natural tensors) t"*: Riem ~» T* @ S'T* @ T* @ S*T transform-
ing Riemannian metrics g on m-manifolds M into tensor fields of types
T* @ S'T* @ T* @ ST on M forl,k=1,...,7.

Finally, we have the last corollary.

Corollary 9. The M fy,-natural operators D: Riem ~» Hom((J"T*)*,
(J'T*)*) transforming Riemannian metrics g on m-manifolds M into base
preserving vector bundle maps Dy(g): (J"T*M)* — (J'T*M)* are in the
bijection with systems (A“F) of M f,-natural operators AY*: Riem ~ (T ®
ST, T ® SFT) transforming Riemannian metrics g on m-manifolds M into
base preserving vector bundle maps Ai\’/];(g): TM ® S'TM — TM ® SFT M
for I,k = 1,...,r or (equivalently) in the bijection with systems (t*F) of
M fr-natural operators (natural tensors) V% : Riem ~ T*@S'T*@T @ SFT
transforming Riemannian metrics g on m-manifolds M into tensor fields of
types T* @ S'T* @ T ® ST on M for l,k=1,...,r.
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