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ABSTRACT. The gradient-projection algorithm (GPA) plays an important
role in solving constrained convex minimization problems. In this paper,
we combine the GPA and averaged mapping approach to propose an explicit
composite iterative scheme for finding a common solution of a generalized
equilibrium problem and a constrained convex minimization problem. Then,
we prove a strong convergence theorem which improves and extends some
recent results.

1. Introduction. Let H be a real Hilbert space and C be a nonempty
closed convex subset of H. A mapping 7" of C into itself is called nonex-
pansive, if |Tz —Ty|| < ||z —y|| for all z,y € C. Also, a contraction on C'is
a self-mapping f of C such that || f(z) — f(y)|| < k||l — y|| for all z,y € C,
where k € (0,1) is a constant. Moreover, F'(T') denotes the fixed points set
of T.

Let ¢ : C x C — R be a bifunction of C x C into R. The equilibrium
problem for ¢ : C x C — R is to find u € C such that

(1.1) ¢(u,v) >0, forallvedC.
The set of solutions of (1.1) is denoted by EP(¢). Set ¢(u,v) = (Tu,v — u),
for all u,v € C, where T : C — H. Then, w € EP(¢) if and only if
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(Tw,v —w) > 0 for all v € C, that is, w is a solution of the variational
inequality.

Let A be a bounded operator on C. The operator A is strongly positive
if there exists a constant 5 > 0 such that (Az,z) > 7||z|? for all z € C.

In 2005, Combettes and Hirstoaga [5] introduced an iterative scheme for
finding the best approximation to the initial data when E'P(¢) is nonempty
and proved a strong convergence theorem. The equilibrium problem (1.1)
includes, as special cases, numerous problems in physics, optimization and
economics. Some authors (see [8, 10, 11, 12, 14, 18]) have proposed useful
methods for solving the equilibrium problem (1.1). Below we describe some
of them.

In 2007, Plibtieng and Punpaeng [11] introduced an iterative scheme for
finding a common element of the set of solutions of (1.1) and the set of fixed
points of a nonexpansive mapping in a Hilbert space as follows:

(1 2) ¢(unay)+%<y_umun_xn> >0 for all y € H,
’ Tnt1 = anVf(xn) + (I — anA)Su,, n>1,

where ¢ : Hx H — R is a bifunction, A is a strongly positive bounded linear
operator on H, S is a nonexpansive mapping of H into itself such that F'(S)N
EP(¢) # 0, f is a contraction, v > 0 is some constant, {a,} C [0,1] and
{rn} C (0,00). Also, they proved the strong convergence of {x,}, defined
by (1.2) and showed that lim,_,. x, is the unique solution of a certain
variational inequality.

In 2010, Wang et al. [14] introduced the following composite iterative
scheme:

¢(unay)+i<y_umun_mn>20 for ally € H,

Tn
(1'3) Yn = aan(xn) + (I - anA)Tnum
Tnt+1 = (1 - ﬁn)@/n + 5nTnyna n>1,

where ¢ : H x H — R is a bifunction, A is a strongly positive bounded
linear operator on H, {T},} is a countable family of nonexpansive mappings
of H into itself such that ()~ ; F(T,,)NEP(¢) # 0, f is a contraction, v > 0
is some constant, 1 € H, {an}, {Bn} C [0,1] and {r,} C (0,00). Under
any of the following conditions:

(Hy) fo’zl |41 — an| < oo;

(Hs) ay, € (0,1] for every n € N and lim,,_, o, =22 = 1;

Q41
(H3) o1 — an| < o(apy1) + 0 and > 074 0y < 00
on the sequence {ay, }, they proved that {z,} (generated by (1.3)) converges
strongly to a point in (0o, F(T,,) N EP(¢) # 0.
On the other hand, consider the following constrained convex minimiza-
tion problem:

(1.4) minimize {g(z) : z € C},
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where g : C' — R is a real-valued convex function. The set of solutions
of the problem (1.4) is denoted by U. It is well known that the gradient-
projection algorithm (GPA) plays the important role in solving constrained
convex minimization problems. If g is (Fréchet) differentiable, then the GPA
generates a sequence {x,} via the following recursive formula:

(1.5) ZTny1 = Po(xn — AVg(xy,)) for all n > 0,
or more generally,
(1.6) ZTp+1 = Po(zn — A Vg(zy)) for all n >0,

where in both (1.5) and (1.6) the initial guess z is taken from C' arbitrarily
and the parameters A or A, are positive real numbers satisfying certain
conditions. The convergence of the algorithms (1.5) and (1.6) depends on
behavior of the gradient Vg. As a matter of fact, it is known that if Vg
is a-strongly monotone and L-Lipschitzian with constants a, L > 0 for
0< A< %—%, then the operator

(1.7) W := Po(I — A\Vg)

is a contraction. Hence the sequence {x,} defined by the algorithm (1.5)
converges in norm to the unique minimizer of (1.4). However, if the gradient
Vg fails to be strongly monotone, the operator W defined by (1.7) need
not to be contractive. Consequently, the sequence {x,} generated by the
algorithm (1.5) may fail to converge strongly (see [17]). If Vg is Lipschitzian,
then the algorithms (1.5) and (1.6) can still converge in the weak topology
under certain conditions.

In 2011, Xu [17] proposed an explicit operator-oriented approach to the al-
gorithm (1.6), that is, an averaged mapping approach. He gave his averaged
mapping approach to the GPA (1.6) and the relaxed gradient-projection al-
gorithm. Moreover, he constructed a counterexample which shows that the
algorithm (1.5) does not converge in norm in an infinite-dimensional space
and also presented two modifications of GPA which were shown to have
strong convergence [16, 15].

In 2012, Tian and Liu [13] studied the following implicit and explicit com-
posite iterative schemes by the viscosity approximation method for finding
the common solution of an equilibrium problem and a constrained convex
minimization problem:

{(b(un,y) + %(y — Up, Uy — Tp) >0 forallyeC,

1.8
(1.8) T = anf(xn) + (1 — ap)Thun, n>1,

and

(1 9) ¢(una y) + %(y — Up, Up — xn> >0 forallyedC,
‘ Tnt+l1 = anf(l‘n) + (1 - an)Tnuna n=>1,
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where in both (1.8) and (1.9), ¢ : C x C — R is a bifunction, Vg is an
L-Lipschitzian mapping with L > 0 such that U N EP(¢) # 0, f is a con-
traction, 1 € C, {a,} C (0,1), {rn} C (0,00), up, = Qp,zpn, Pc(I-AVg) =
snl + (1 — 8,)Tn, sn = 2292 and {\,} C (0,2). They proved that the
sequences {x,}, generated by (1.8) and (1.9), converge strongly to a point
in U N EP(¢) under certain conditions.

In this paper, motivated by the above results, we propose an explicit
composite iterative scheme for finding the common element of the set of
solutions of a generalized equilibrium problem and the solution set of a
constrained convex minimization problem. Then, we prove a strong conver-
gence theorem which improves the main result of [13]. In order to do this,
we recall the following definition.

A generalized equilibrium problem is to find z € C such that

(1.10) d(z,y) + (Az,y —2) >0 forally € C,

where ¢ : C x C — R is a bifunction and A : C — H is a monotone map.

The set of such z € C' is denoted by EP, i.e.,
EP={z€C:¢(z,y)+(Az,y —2) >0 for all y € C}.

In the case when A = 0, EP is denoted by EP(¢). Numerous problems

in physics, variational inequalities, optimization, minimax problems, the

Nash equilibrium problem in noncooperative games and economics reduce

to finding a solution of (1.10) (see [9], for instance).

2. Preliminaries. Let H be a real Hilbert space with inner product (-,-)
and the norm || - ||. Weak and strong convergence are denoted by notation
— and —, respectively. In a real Hilbert space H,

Az + (1 =Nyl = Allz[* + (1 = Mllyll* = A1 = Nz -y

for all z,y € H and A € R. Let C be a nonempty closed convex subset of
H. Then, for any © € H there exists a unique nearest point in C, denoted
by Po(z), such that

|z — Po(x)|| < ||z —y| forallyecC.

Pco is called the metric projection of H onto C. It is known that Pg is
nonexpansive. Further, for z € H and z € C,

z=PFPo(r) & (r—2,2z—y) >0 forally € C.
Lemma 2.1. Let H be a real Hilbert space. Then for all xz,y € H
lz + ol < 2 + 2(y, = + y).

Lemma 2.2 ([6]). Let H be a real Hilbert space, C be a closed conver subset
of H and T : C — C be a nonexpansive mapping with F(T) # 0. If {x,} is
a sequence in C weakly converging to x and if {(I — T)x,} converges to y,
then (I — Tz =vy.
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Lemma 2.3 ([2]). Let C' be a nonempty closed conver subset of H and
¢ : C x C — R be a bifunction satisfying the following conditions:

(A1) ¢(x,z) =0 for all x € C;
(A2) ¢ is monotone, i.e., ¢p(x,y) + ¢(y,z) <0, for all x,y € C;
(Asz) for each x,y,z € C,

13%1 Ptz + (1 —t)z,y) < d(z,y);

(Ayq) for each x € C, y— ¢(x,y) is convex and weakly lower semicontin-
UOUS.

Let r >0 and x € H. Then, there exists z € C such that

1
6(zy) + —(y—22-2) 20 forallyecC.

Lemma 2.4 ([5]). Assume that ¢ : C x C — R satisfies (A1)—(A4). For
r >0 and x € H define a mapping Q. : H — C' as follows:

Qr;v:{ZEC:¢(z,y)+i<y—z,z—x>20 forallyEC}

for all x € H. Then, the following hold:
(I) Q. is single-valued;
(I1) @, is firmly nonezpansive, i.e., for any x,y € H,

Her - erHQ < <er - Qry,x — y>;

(1) F(Qr) = EP(¢);
(IV) EP(¢) is closed and conver.

Definition 2.5. A mapping T : H — H is said to be firmly nonexpansive
if and only if 27" — I is nonexpansive, or equivalently,

(x —y, Tz —Ty) > ||Tx — Ty||* for all z,y € H.

Alternatively, T is firmly nonexpansive if and only if 7" can be expressed as
1

where S : H — H is nonexpansive. Obviously, projections are firmly non-
expansive.

Definition 2.6 ([13]). A mapping 7' : H — H is said to be an averaged
mapping if it can be written as the average of the identity I and a nonex-
pansive mapping, that is,

(2.1) T=01-a)l+as,

where a € (0,1) and S : H — H is nonexpansive. More precisely, when
(2.1) holds, we say that T" is a-averaged.

Clearly, a firmly nonexpansive mapping is a %—averaged map.
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Proposition 2.7 ([4]). Let operators S, T,V : H — H be given.
(I) If T = (1 —a)S + aV for some a € (0,1), S is averaged and V is
nonexpansive, then T is averaged.
(IT) T is firmly nonexpansive if and only if the complement I — T is
firmly nonexpansive.

(II) If T = (1 — a)S + aV for some o € (0,1), S is firmly nonexpansive
and V is nonexpansive, then T is averaged.

(IV) The composite of finitely many averaged mapping is averaged. That
18, if each of the mappings {Tl}f\il 1s averaged, then so is the compos-
ite 11 ... Tx. In particular, if T1 is ay-averaged, and Ty is ao-avera-
ged, where ay, a9 € (0,1), then the composite TiTy is a-averaged,
where o = a1 + ag — a1Q2.

Definition 2.8. A nonlinear operator G with the domain D(G) C H and
the range R(G) C H is said to be:

(a) monotone if
(x —y,Gx — Gy) > 0 for all z,y € D(G),
(b) v-inverse strongly monotone (for short, v-ism), where v > 0, if
(x —y,Gz — Gy) > v||Gz — Gy||* for all 2,y € D(G).

It can be easily seen that if G is nonexpansive, then I — G is monotone
and the projection map Pg is 1-ism.

The inverse strongly monotone (also referred to as co-coercive) operators
have been widely used to solve practical problems in various fields, for in-
stance, in traffic assignment problems, see for example, [3, 7] and references
therein.

Proposition 2.9 ([4]). Let T be an operator of H into itself.

(a) T is nonexpansive if and only if the complement I — T is %—ism.

(b) If T is v-ism, then for v >0, v T is %—ism.

(¢) T is averaged if and only if the complement I —T' is v-ism for some
v > % Indeed, for o € (0,1), T is a-averaged if and only if I — T

%_

Lemma 2.10 ([1]). Assume that {a,} is a sequence of nonnegative real

numbers such that

18 1SM.

An+1 < (1 - ’Yn)an + YnUn + Wn,

where {7y} is a sequence in [0,1], {un} is a sequence of nonnegative real
numbers and {v,} is a sequence in R such that

(D) 225Z1 v = 005
(IT) limsup,, o0 vn < 0;

(D) 52 jia < ox.
Then lim,,—yo0 apn, = 0.
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3. Main result. In this paper, we always assume that g : C' — R is a real-
valued convex function and Vg is an L-Lipschitzian mapping with L > 0.
We observe that z* € C solves the minimization problem (1.4) if and only
if * € C solves the fixed point equation

x* = Po(l — A\Vg)x™,

where A > 0 is any fixed positive number. Since the Lipschitz continuity
of Vg implies that it is indeed inverse strongly monotone, its complement
can be an averaged mapping. Consequently, the GPA can be written as
the composite of a projection and an averaged mapping, which is again
an averaged mapping. This shows that the averaged mapping plays the
important role in the gradient-projection algorithm.

Note that Vg is L-Lipschitzian. This implies Vg is %—ism, which then
implies AVg is %—ism. So, by Proposition 2.9, I — AVyg is %-averaged.
Since the projection Pg is %-averaged, we see from Proposition 2.7 that

the composite Po(I — AVg) is (%)—averaged for 0 < A < % Hence,

Po(I -\, Vyg) is (%)—averaged for each n € N. Therefore, we can write
2 -\, L 2+ M\, L
Po(I — \yVg) = nipgZt
4 4
2=\, L
P

Tn = spl + (1 — s,)Th,

where T,, is nonexpansive and s,, =

Now, we introduce an explicit iterative scheme for finding a common
element of the set of solutions of the generalized equilibrium problem (1.10)
and the solution set of the constrained convex minimization problem (1.4).
Then, we prove a strong convergence theorem. Before, two lemmas are
proved.

Lemma 3.1. Suppose C is a nonempty closed convex subset of a real Hilbert
space H, A is an a-inverse-strongly monotone map on C and 0 < r < 2a.
Then I —rA is nonexpansive.

Proof. For z,y € C,
(I = rA)z—(I —rA)y|? = |z -y —r(Az - Ay)|?
= |l = ylI* = 2r{z — y, Az — Ay)+r?| Az — Ay|>
< |lz = yl* — 207 Az — Ay||* + r*|| Az — Ay||?
= lla = ylI* +r(r — 2a) || Az — Ay]|?
<l —yl%.
Thus I — rA is nonexpansive. ]

Lemma 3.2. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let ¢ : C x C — R be a bifunction satisfying the conditions
(A1) —(Ayg) (of Lemma 2.3) and A be an a-inverse-strongly monotone map.
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Suppose {x,} is a bounded sequence in C and {r,} C [a,b] C (0,2a) is a
real sequence. If u, = Q. (x, — rpAxy,), then

[unt1 — un|l < [[@pt1 — 2|l + |rn — roga [ M,
where My = sup {||Azp|| + Ll|uns1 — knsal| s n € N},
Proof. Let p € EP. Then ¢(p,y) + (Ap,y —p) > 0, for all y € C. So

d(p,y) + %@9 —(p—rndp),y—p) >0

n

for all y € C. Therefore, by Lemma 3.1,

3.1 Nup = pll = 1Qr, (I =0 A)xp — Qr,, (I =m0 A)pl| < ||y —pll, n>1.
Consequently, {u,} is a bounded sequence. Set k, = x, — r,Ax,, then

Up = Qr, kn and up 1 = Qp,, kny1. So

1
(3.2) d(un,y) + T—(y — Up, Uy — kp) >0 forallyeC

n

and
(3.3) d(Un+y1,y) +
Tn+1

Set ¥y = up41 in (3.2) and y = u, in (3.3), then by adding these last two
inequalities and using condition (Az), we obtain

Un —kp  Ung1 — kg
<Un+1_un7 n n  Un n >0

(Y — Upt1,Unt1 — kny1) >0 forally € C.

n Tn+1

and hence
T'n

<un+1 — Up,y Up — Upt1l + Upt1 — kp — (un—‘rl - kn+l)> > 0.

T'n+1
This implies that
Tn

)(unJrl - kn+1)>

||un+1 - unH2 < <un+1 — Unp, kn+1 - kn + <1 -
T'n+1

< st = wnll{ st = bl + =1 = gl = ks
Therefore,
s = tnll < s = bl + = =t = ]
= ||Znt1 — Tnt1ATng1 — (T — TR Az ||
+ =i = rusallinss = ks
S nsr = rap1Azngs — (T = ragrAzn) || + | — g || Azn||
+ =i = rusallinss = ks

< Hxn-‘rl - xn” =+ ‘Tn - TTL-FI’ML
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where My = sup{||Azy|| + L||uns1 — knt1] : n € N}. O

Theorem 3.3. Let C be a nonempty closed convex subset of a real Hilbert
space H, ¢ : C xC — R be a bifunction satisfying the conditions (A1) —(A4)
(of Lemma 2.3), g : C — R be a real-valued convex function and Vg be an
L-Lipschitzian mapping with L > 0 such that U N EP # (. Let f be a
contraction of C' into itself with the constant k and A be an a-ism map.
Suppose {an}, {Bn} and {r,} are real sequences satisfying the following
conditions:

(B1) {an} C[0,1], limy o0ty = 0 and Y7 | oy = 00;

(B2) {rn} Cla,b] C (0,2c) and Y7 | |rpg1 — | < 00.
Let {z,} be a sequence generated by

1
Un, Y)+— (Y — Up, Up — Tp)+{Axpn, y —upn) >0 for ally € C,
(3.4) ¢ (un, y)+~(y )+ (A, y —up) 20 for ally

Tnt1 = anf(xn) + (1 — ap)Thun,

where x1 € C, {\,} C (0, %), Un = Qr, (xn — rpAxy,), Po(I — A\Vg) =
spl + (1 — sp)T,, and s, = #. Assume that lim, .o s, = 0 and
oo Sn+1 — sn| < oo. Then, under any of the three conditions (H,),
(H2) and (H3) on the sequence {ay,}, the sequences {x,} and {u,} defined
by (3.4) converge strongly to ¢ € U N EP, where ¢ = Pynppf(q), which
solves the following variational inequality:

(I —-f)g,q—2) <0 forallz e UNEP.

Proof. Since Pyngpf is a contraction of C' into itself, there exists a unique
element g € C such that ¢ = Pyngpf(q). Using condition (Bjp), without
loss of generality, we may assume that o, < ||A||~'. Now, we proceed with
the following steps:

Step 1. First, we claim that {x,} and {u,} are bounded. Let p € UNEP.
Then, using the equality T,,p = p, (3.1) and (3.4), we obtain

[Zn1 = pll = llen(f(2n) —p) + (1 = an)(Trun = p)|
< (1= ap)llun = pll + anllf(2n) = F@)] + cnll £ (p) — P
< (1= an)llzn = pll + ankllzn — pll + anll f(p) = pll

< (1= an(1— K)o — pll + a1~ )22
By induction,
lzn —pll < maX{llﬂ?l pll 7= I ) = pll} for all n > 1.

Hence, {z,} is bounded, so are {un}, {f(zn)} and {T,u,}.
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Step 2. We claim that lim, o ||Zn+1 — 2n|| = 0. Set
My = sup{|| f(zn)l, |[Tnun| : n € N}.
From (3.4) we get

[Znt2 — Tt |

= |lant1f(zns1) + (1 — ant1) Tpruns1 — o f(an)
— (1 = ap)Thun||

= [|[(1 = an+1)(Tns1tntr — Tpun) — (ant1 — an)Thun
+ an1(f(@nt1) = f@n)) + (ang1 — an) f(zn)||

(3.5) < (1 = ant) | Tat1tnt1 — Tounl| + |lons1 — an | s

+ a1kl Tnt1 — znll + [ant1 — o[ f (zn)]]

< (1 = ang1) ([Tt 1uns1 — Tosrtunll + [T run — Thun|)
+ lant1 — an|Ma + apt1k||Tni1 — ol + a1 — an|Ma

< (L= ant1)|[tns1 — unll + 2Ma| o1 — o
+ ant1kl[Tn1 — @nll + | Tt 1un — Toun||

for all n € N. From Lemma 3.2 we obtain
(3.6) |tnt1 — Un|| < |Tny1 — 2ol + |rn — Tog1 | M,

where My = sup { || Az, || + L |up — 24| : n € N}. Substituting (3.6) in (3.5),
we have
[#n42 = Tnga ]l < (1 = ans){l|@ns1 — @nll + |rn — rna [Mi}
+ 2Ms| i1 — | + ant1kl|Tngr — ol + | Tos1un — Thus|
< 1= onp1 (1 = B)l[|@ns1 — nll + |rn — rnsa | My
+ 2Ms| a1 — o] + | Trp1un — Truy ||
<[ = ans1(I = B)]l|[znrr — zoll + Ma(|rn — mnsa| + lansr — anl)
+ 1Tt 1un — Tounl|,

(3.7)

where M3 = max{My,2M>}.
On the other hand, since Vg is %—ism, Po(I — A\p+1Vg) is nonexpansive.
It follows that for any given p € U,

[1Pc(I = A1V g)un|| < |Po(I — Ant1Vg)un — pll + |||
<|[Pc(I = Ant1Vg)un — Po(I — Ans1Vg)pll + lIp||
< [lun = pll + llpll
< [Junll + 2]lpl|-
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This implies that {Po(I — A\p+1Vg)uy} is bounded. Also, observe that

HTn—i-lun - TnunH
APC(I = MniaVg) = 2= M )T

2+ 1L "
_APc(I = AVg) — (2 /\nL)Iu
2+ M\, L "
< H4Pc(f - An+1vg)u _ APc(I - Aan)u
- 24+ As1L " 2+ M\, L "

witl  2- AL
H2+)\n+1L B RS
424+ ML) Pco(I — Mps1Vg)up — 42 + At1) Po(I — Ay Vg)un
24+ M41L)(2+ M\, L)
AL st — Al

@ A D)@ + A 1o
(38) _ [|4L0w — Ans1) Pl = Ani1 99)un

= 2+ As1 D)2+ ML)
AR+ A L)(Pell = A1 V9) = Po(l = An99))un
2+ Aes1D) (2 + ML)
AL Mgt — A

CES WS ACESWALEL
< AL = Apga[[[Pe (L — Ant1Vg)unl||
= 2+ M1 L) (2 + ML)

42+ M1 D)|Pe(I — A1V g)un — Po(I — AV g)u,||

2+ M1 D)2+ ML)
AL Ani1 — Al

CESWSACESWALLL
< Pnst = AP = A1 9g)unll + 411 Vg(un) | + Ll
S M4|>\n+1 - )\n’a

where My = max{L||Pc(I — \p+1Vg)un|l + 4||Vg(un)| + L||un| : n € N}.
Thus, substituting (3.8) in (3.7), we have

|l Tni2 — xn—HH < [1 —apq1(1 - ]f)wfcn—&-l — Ty |

3.9
(3.9) M (7 = st | + |amst — anl + Pt = Anl),

where M = max{Ms, My}.
Now, we show that under any of the three conditions (H;)—(Hs), we have

nh_{go |41 — @pl| = 0.
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Let (Hy) hold. Set py, = M (|rn — rns1] + |@ns1 — an| + [Ant1 — An), then
00 00
Z,U/n = MZ(|T77, - TnJrl‘ + |an+1 - an| + |)\n+1 - An’) < 00.
n=1 n=1

Therefore, by Lemma 2.10, limy,,_,o0 ||Zn4+1 — zp|| = 0.
If (H3) holds, then from (3.9) we obtain

Qn

|Tni2 = Tnp1|l £ 1 = anp1(1 = k)l|2ng1 — znl| + anp 1 M ‘1 -
Apt1

+ M(|7an+1 - Tn‘ + ‘)‘n—&-l - )\n|)
Set pn, = M(|rp41 — o] + [Ant1 — Anl), then
[oe) oo
Z,Un = MZ(’rn—H — 7|+ [ Ang1 — Anl) < o0
n=1 n=1

Therefore, by Lemma 2.10, limy, o0 || Zn+1 — zn|| = 0.
If (Hs3) holds, then from (3.9) we get

[#n+2 = Tppa || < [1 = a1 (1 = B)]lznt1 — anl + Mo(an1)
+ M(on + |rn1 = 7l + [Ang1 — Anl).

Set Hn = M(Un + |Tn+1 - Tn| + |>\n+1 - )‘TLD» then

o0 o0
Zun = M> Z(Un + g1 — ol + [ Ang1 — An]) < oo.
n=1 n=1

Therefore, by Lemma 2.10, limy,,_,o0 ||Zn4+1 — zp|| = 0.

Step 3. We claim that lim,,_« ||zn — u,|| = 0 and

=0.

2
lim HPC (I — —Vg)un — Up
n—00 L
To this end, let p € U N EP. Then

||un - p||2 = ||an($n - TnAfUn) - an(p - TnAp)||2
< ||xp — rnldx, —p+r,Ap 2
510 an = e - "
= || — plI* + | Azn — Apl)® — 2, (@ — p, Az, — Ap)

< |lzn _pH2 + 7n(rn — 20)|| Az, — APHQ-
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Therefore

lznt1 = plI* = llanf(@n) + (1 = an) Toun — p|?
= |l (f(zn) — Tnun) + T, — pl|?
= a%”f(xn) - Tnun”2 + | Toun _pH2
+2an< (x5) — Tpun, Tnuy, — p)
(3.11) 02 (o) — Tottnll? + fJun — p?
+2an<f( n) — Ty, Tnty — p)
< aillf(zn) = Toun || + 2 — pl®
+ 70 (1 — 20)|| Az, — Ap||?
+ 200 f(2n) — Toun || [|un — pl|-
This implies that
(20 — )| Ay — Ap|2 < llzn — I = Nznss — plI? + 0211 F(@n) — Toten]
+ 20| f(2n) — Toun||[|un — pl|
< (lzn = pll + llzntr = plDlzns — zn

+ ain(xn) - Tnun||2
+ 200 | f () — Tun|||un — pl|-

From (Bj), (B2) and Step 2 we obtain

(3.12) le |Az, — Ap|| = 0.
Also, from (II) in Lemma 2.4 and Lemma 3.1 we get

l|wn — p”2 = 1Qr, (xr, — rnAxp) — Qp, (p — rnAp)H2
S <37n - rnAxn - (p - rnAp)7 Up — p>
1
= i{Hxn —rpAzy, — (p— rnAp)H2 + Hun _pH2
= |#n — rpAzn — (p — T Ap) — || }
1
5 Ulzn = plI* + un = pII”
— |zn — wn — rp(Azy, — AP)HQ}

(3.13)

IN

1
= g len = pl? + llun = pI* = lzn = wn|?
+ 2 (X — U, Axyy — Ap) — 12| Az, — ApHQ}.
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This implies that
lun = plI* < llzn = pl1? = 20 — wnl® + 2rn(wn — un, Az, — Ap)
2 2
—ri||Ax, — Ap
- iz —do?
< Mlzn =27 = llzn — unll” + 2rn{zn — un, Az, — Ap)

< lzn — p||2 — [|zn — unH2 + 2rp[|en — upll|| Az, — Apl.

By the same argument in (3.11),
[Zns1 — plI* < a2l f(2zn) — Toun|l* + lun — pll?
+ 2an<f<mn) — Toun, Thup — p>
< O‘%Hf(%z) - Tn“nH2 + [|n _pH2 — [|zn — un”Q
+ 2rp |20 — un ||| Azn — Apl| + 20| f(2n) — Tounl|||lun — p-

Therefore,
lzn = unll? < 2w = plI* = 21 — plI* + af || (20) — Tounl?

+ 21 [|en — ||| Azy — Apl| + 200 f(2n) — Thunl|[|un — pl|
< ([lzn = pll + l#ng1 — Dl ent1 — znll + )l f (2n) — Toua
+2rpl|en — ||| Azy — Apl| + 20| f(2n) — Thunl|l|un — p|-

Then (B7), Step 2 and (3.12) show that

lim |z, — un|| = 0.
n—oo

From (3.4) we get
| Trtn — un|l < | Thun — Tpgall + |20 — Zogall + (|20 — unl|
< apl|f(zn) — Tounl| + |20 — gl + |20 — unl|-

So limy, 00 | Tntr, — up|| = 0. Observe that
| Po(I — AV g)un — tnl| = ||Sntn + (1 — sp) Thun — uy|
= (1 = sp)||Tnn — unl|

< HTnun - un||7

= 2=l Hepce

where s, = =4
2 2
HPC(I — ZVg)un —upl| < HPC (I — ng>un — Po(I — )\an)unH

+ |Pc(I — A\ Vg)un — uyl|
= H (I - %Vg)un — (I = AnVg)uy
+ |Pc(I — A Vg)un — uy ||
= (% - /\"> Vg (un)ll + 1Tt — unl|-
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Applying the conditions s, — 0 (which is equivalent to A, — %) and
limy, o0 [|Thtn, — up|| = 0, we conclude that

2
(3.15) HPC <I - ZVg)un — Up || = 0.

Step 4. We claim that

limsup(f(q) — ¢, 20 — q) <0,

n—oo
where ¢ = Pynepf(q). To show this, choose a subsequence {uy,} of {uy}
such that

limsup((I — f)q,q — un) = Zlgglo«f — )4, q — un,).

n—oo

Since {up,} is bounded in C, without loss of generality, we assume that
up, — 2z € C. Next, we show that z € U N EP. Since Vg is %—ism,
Po(I — %Vg) is nonexpansive self-mapping on C. Indeed,

Jre(i = Zwa)e—re(t=goa)] < (1 7o)~ (1= Lol
= [~y 2 vot) ~ vow))|

((z —y,vg(z) — Vg(y))

SIES

+ 25 l99(x) — Vo)

4
< |lz —yl* ~ 72lvy(a) - Vo)l

+ 2 lvg(z) — Vo)

= [z —yl?

for all z,y € C. Therefore, from (3.15) and Lemma 2.2 we obtain z =
Po(I — %Vg)z. This implies that z € U. Now, we show that z € EP. By
Up = Qp, (X, — TnAzy), We can write

1
O(un,y) + (Azp,y — up) + —(y — Up,up — x,) >0 forally € C.

n
From (As) we get

(Azp,y — up) + i(y — Up, Uy — Tp) > Py, uy) forally € C.
T

n

Replacing n by n;, we have

1
(3.16) (Axy,,y —up,) + r—(y — Upyy Up; — Tn,) > Py, up,) forally e C.

ng
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Set yy =ty + (1 —t)z for all t € (0,1] and y € C. Then y, € C. So, from
(3.16) we obtain

<yt — Un,, Ayt> > <yt - uni7Ayt> - <A$n“ Yt — um)

Uy, — Ty
- <yt — Uny,, u> + ¢(yta Um)
Tn;
= <yt - uni7Ayt - Aun,> + <Z/t - un“Auni - Awn1>
Uy, — Ty
- <yt — Un,, M> + qb(ytvunb)
Tn;
Since im0 ||tn, — Zp,|| = 0, we have lim;_,o ||Aupn, — Azy,|| = 0. Further,

monotonicity of A gives (y; — un,, Ay — Auy,) > 0. So, passing to the limit
with ¢ — 0o in the above inequality and using (Ay4), we get

(3.17) (ye — 2, Aye) > ¢(ye. 2).-
From (A1), (A2) and (3.17) we see that
0=yt yt) < td(ye,y) + (1 = )y, 2) < td(yr,y) + (L — ) {ye — 2, Ayy)
=1to(y, y) + (1 = )ty — 2, Ayy),
hence

0 < d(y,y) + (1 —t)(y — 2, Ayr).
Letting t — 0, we get

0<doé(z,y)+ (y—2,Az) forallye C.
This implies z € EP. Since ¢ = Pynppf(q
lim sup((7 = f)(¢), ¢ = #n) = i (I = £)(q), 4 = ¥n;)

)
(

= lim (1 — f)(q),q — un,)
(I = f)a),qg—=2) <0.

Step 5. We claim, {u,} and {x,} converge strongly to ¢q. From (3.4) and
Lemma 2.1 we get

21— gl = lanf(zn) + (1 = an)Thun — g
= |lan(f(zn) — f(@) + an(f(q) — @) + (1 — an)(Thun — an)”Q
< (1= an)?|| Ty — Toall?
+ 200 (f(xn) = f(q) = (I = )q, Tny1 — q).
This implies
ni1 = ql* < (1= an)?l@n — ql|* + 20mkl|zn — gll#ns1 — ]
+ 200 (—(I = f)g, Tn+1 — q)
< (1= an)?[|lzn — ql* + ank([lzn — qll* + lzn1 — all)
+ 200 (—( = )q, Tnt1 — Q).
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Then
1 —2a, + apk a2
2 n n 2 n 2
— < — —
s = al* € B, — gl + T —
2ce
+ (I~ f)g,Zns1 — q)

1— o,k
2 04721 2
< (1—=2(1 = k)an)||z. —q|® + |zn — 4l

1—ank
2au,
- ankj<_(I — f)q,56n+1 - Q>
< (1-2(1 = k)a)||zn — q|)?

+2(1 - k)an (

+

2(1 - k:)(;b —ank) M
L 1
e - D = a))

< (=201 = k)om)lan — ql? +2(1 — k) a6y,

where M* = sup{|lz, — g[|* : n > 1} and
2(1 = k)(1 — ank) (1 —k)(L — ank) ¢ Tt — q).

It is easy to see that lim, oo 2(1 — K)oy, = 0, Y 07 ; 2(1 — K)oy, = 0o and
lim sup,,_, . 0, < 0. Hence, by Lemma 2.10, {z,,} converges strongly to g.
Consequently, {u,} converges strongly to g. This completes the proof. O

op =

Remark 3.4. Theorem 3.3 is a generalization of [13, Theorem 3.2]. To see
this, set A = 0 in Theorem 3.3 and assume 7, > a > 0 (it is not necessary
to assume {r,} C [a,b] C (0,2a)).

4. Numerical test. In this section, we give an example to illustrate the
scheme (3.4) given in Theorem 3.3.

Example 4.1. Let C = [—1,1] C H =R and define
d(x,y) = —5a? + zy + 4y°.

First, we verify that ¢ satisfies the conditions (A;)—(A44) as follows:
(A1) ¢(x,2) = —5a? + 2% + 422 = 0, for all z € [-1,1];

(AQ) ¢<I,y) + ¢(y7$) = —(.f - y)2 <0, for all 7,y € [_1? 1];

(Ag) For all z,y,z € [-1,1],

limsup (tz + (1 — t)z,y) = =52 + zy + 4y° < ¢(z,y).
t—0t+

(Ay) For all z € [-1,1], ®(y) = é(v,y) = —52% + 2y + 4y? is a lower
semicontinuous convex function.
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From Lemma 2.4 we see that @, is single-valued, for all » > 0. Now, we
deduce a formula for @, (z). For any y € [—1,1] and r > 0, we have

1
d)(z,y)—k;(y—z,z—@ >0 4ry’ +((r+1)z—a)y+az— (5r4+1)2° > 0.

Set G(y) = 4ry*+ ((r+1)z—x)y+xz— (5r+1)z2. Then G(y) is a quadratic
function of y with coefficients @ = 4r, b = (r+1)z—x and ¢ = zz— (5r+1)22.
So its discriminate A = b% — 4ac is
A=[(r+1)z—a]* = 16r(zz — (5r +1)2?)

= (r+1)%2% = 2(r + Dxz 4 2% — 16122 + (8012 + 167) 2>

= [(9r 4+ 1)z — ).
Since G(y) > 0 for all y € C, this is true if and only if A < 0. That is,
[(97 + 1)z — 2]?> < 0. Therefore, z = gr1» Which yields Q- (z) = 5.55. So,
from Lemma 2.4 we get EP(¢) = {0}. Let a, = L1, A\, = 1,7, = 1, for all
7;96 N, Az = %2 and f(z) = 3z, g(z) = 22. Hence U N EP = {0}, A is

1oo-ism and s, = Q_fl‘"L = %. Also, T,,x = %x, for all x € [—1,1]. Indeed,

T r 3 5
PC(I - /\an)a: = P[*l,l] (.’E - 5) = 5 = gl’ + ngI‘ for all z € [—1, 1]

So, Thx = %x for all x € [—1,1]. Then, from Lemma 2.10 we see that the
sequences {z,} and {u,}, generated iteratively by

99 1
Up = an (xn - TnA$n) = Ql <$n - 100$n) = mxna

1 1 1 n + 2499
= - )T (o, ) = 2
Tntl = g Tt < n> " (100056”) 50000 "

converge strongly to 0 € U N EP, where 0 = PUQEP(%I)(O).

(4.1)
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